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Abstract Discrete element numerical simulations of

unsteady, homogeneous flows have been performed by

shearing a fixed volume of identical, soft, frictional spheres.

A constant, global, shear rate was instantly applied
to particles that are initially at rest, non interacting,

and randomly distributed. The granular material ex-

hibits either large or small fluctuations in the evolv-
ing pressure, depending whether the average number

of contacts per particle (coordination number) is less

or larger than a critical value. When the coordination
number is less than the critical value, the amplitude of

the pressure fluctuations is dependent on the shear rate,

whereas, it is rate-independent in the opposite case, sig-

natures, according to the case, of fluid-like and solid-like
behaviour. The same critical coordination number has

been previously found to represent the minimum value

at which rate-independent components of stresses de-
velop in steady, simple shearing and the jamming tran-

sition in isotropic random packings. The observed com-

plex behaviour of the measured pressure in the fluid-
solid transition can be predicted with a constitutive

model involving the coordination number, the particle

stiffness and the intensity of particle agitation.

Keywords Fluid-solid transition · Unsteady flows ·

Numerical simulations

1 Introduction

Granular materials exhibit a complex mechanical be-

haviour, even in the case of simple flow conditions,
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whose study involves interdisciplinary concepts like rhe-

ology, plasticity and viscosity.

Depending on both the micro-mechanical properties

of the grains (surface friction, collisional inelasticity and
contact stiffness) and the macroscopic characteristics

of the flow (e.g., velocity and bulk density), different

flow regimes exist. Consider, for example, a landslide:
immediately after the triggering, it behaves like a solid

and a sliding motion takes place; but, if its velocity is

sufficiently large, the landsliding evolves into a fluid-like

process.

When the system is extremely dense, enduring con-

tacts among grains involved in force chains govern its

response, which is mainly rate-independent [8]. In this
case, a stable contact network develops within the medium

[16] and the granular material behaves like a solid, able

to resist finite applied shear stresses without deforming.

On the other hand, when the particles are widely
spaced, force chains are inhibited and collisions dissi-

pate the energy of the system. As a consequence, the

medium is strongly agitated and the particles are free
to move in all directions [14]. The material response is

that of a fluid, that is it yields under shear stress, and

stresses are rate-dependent.

The mechanical response of the system during the
solid-fluid transition is still an open question [25], al-

though several constitutive models have been proposed

in the literature to deal at least with steady flow con-
figurations [3, 8, 20, 35, 41, 42].

Molecular dynamics simulations based on Discrete

Element Method (DEM) have been successfully em-

ployed to study granular systems under different flow
regimes, configurations and geometries (collections of

results can be found in [13] and in [10]). Whereas sev-

eral numerical results in the literature concern steady,
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shearing granular flows [2, 6, 7, 8, 9, 11, 19, 29, 41],

unsteady conditions have been less investigated.

Sun and Sundaresan [39] carried out DEM simu-

lations of unsteady, homogeneous shear flows of fric-
tional spheres at constant solid volume fraction. They

focused on the solid regime, where the stresses are rate-

independent, and showed that, in that case, the pres-

sure scales with the product of the particle stiffness and
the square of the distance of the coordination number,

i.e., the average number of contacts per particle, from

a critical value.

Here, DEM simulations of unsteady, homogeneous,

shear flows of identical, frictional spheres under con-

stant volume allow to investigate the fluid-solid transi-
tion. The instantaneous application of a constant shear

rate to a random, static collection of non-interacting

particles (zero initial pressure) forces the system to
evolve towards a steady state, while keeping constant

the solid volume fraction. A fluid-solid transition gov-

erned by the coordination number is observed for spe-

cific values of the imposed solid volume fraction. There,
the pressure does not obey the simple scaling relation

observed in the solid regime [39].

Section 2 describes the DEM numerical simulations
performed and the specimen preparation procedure. The

results of the simulations are thoroughly discussed in

Section 3, while Section 4 provides some concluding re-
marks.

2 DEM numerical simulations

We have performed DEM numerical simulations of un-

steady, homogeneous shear flows of identical, frictional

spheres using the open-source code Mercury-DPM 1

[40, 43] which models the particle-particle interaction
with a linear spring-dashpot contact model. The normal

force between particles at contact is fnij = knδ
n
ijnij −

γnv
n
ij , where δnij is the normal overlap between parti-

cles, kn is the normal spring constant, γn is the damping

coefficient, nij is the normal unit vector and vn
ij is the

normal relative velocity. Likewise, the tangential force
is f tij = −ktδ

t
ijtij − γtv

t
ij , where kt is the tangential

spring constant, δtij the tangential overlap, γt the tan-

gential damping, tij the tangential unit vector and vt
ij

the tangential velocity at the contact point in the case
of small overlap. The tangential overlap is set to zero at

the initiation of a contact and its rate of change is given

by the tangential relative velocity. The rigid body mo-
tion around the contact is taken into account to ensure

that the tangential displacement always belongs to the

1 www.mercurydpm.org
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Fig. 1 (a) Sketch of the flow configuration. Grey intensity
indicates speed, from dark grey (blue online) -zero velocity
of the particles in the core of the domain- to light grey (red
online) -maximum velocity of the particles at the boundaries.
(b) Temporal evolution of the horizontal velocity profiles for
shear flow of a L = 12d granular system at a volume fraction
ν = 0.59 and (dimensionless) shear rate γ̇∗ = γ̇

√

ρpd3/kn =
3.16 · 10−5, from an initial static state

local tangent plane of the contact [24, 26]. The magni-

tude of δtij is truncated as necessary to satisfy Coulomb
law, i.e.,

∣

∣f tij
∣

∣ ≤ µ
∣

∣fnij
∣

∣, where µ is the inter-particle fric-

tion coefficient. The static friction coefficient is constant

and equal to its dynamic counterpart. In this simplified
framework, the contacts are sticking if

∣

∣f tij
∣

∣ < µ
∣

∣fnij
∣

∣

and sliding if
∣

∣f tij
∣

∣ = µ
∣

∣fnij
∣

∣.

The coefficients of normal and tangential restitu-

tion, en and et, which relate the pre-collisional and

post-collisional normal and tangential relative veloci-
ties, characterize the collisions. For the linear spring-

dashpot model, the following relationships between the

coefficients of restitution, the spring constants and the

www.mercurydpm.org
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damping coefficients hold [37]:

γn =

√

4mpkn (log en)
2

π2 + (log en)
2
;

γt =

√

2

7

4mpkt (log et)
2

π2 + (log et)
2
;

kt =
2

7
kn

π2 + (log et)
2

π2 + (log en)
2
, (1)

where mp is the particle mass.
The evolution with time t of particle pressure p, co-

ordination number Z and granular temperature T (one

third of the mean square of the particle velocity fluctua-
tions, a measure of the pseudo-thermal agitation of the

particles [18]), is measured for different shear rates γ̇

and volume fractions. For a granular material, the solid
volume fraction is defined as the ratio of the particle

mass density to the bulk density. To extract the macro-

scopic fields we use the spatial coarse-graining approach

described in details in Weinhart et al. [43, 44]. In par-
ticular, the pressure is defined as p = tr (σ) /3, where σ

is the stress tensor, calculated as the sum of the kinetic

(or streaming) and the contact contribution.
2000 particles of diameter d and density ρp are placed

in a cubic box of dimension L (Fig. 1a). The size L of

the domain depends on the desired solid volume frac-
tion ν. In all simulations, the normal coefficient of resti-

tution en is equal to 0.7, the tangential spring stiff-

ness kt is equal to 2/7 kn (implying et = en = 0.7)

and the friction coefficient µ is assumed equal to 0.3.
Lees-Edwards [22] periodic boundary conditions along

z (velocity gradient direction) and periodic boundary

conditions along x and y (flow and vorticity directions,
respectively) force the system to be homogeneous in

space after a short transient. Due to some difficulties

of coarse-graining in the proximity of Lees-Edwards
boundaries, measurements in regions of thickness 2 to

3 diameters at the top and the bottom of the cubic box

are not considered. The relative motion of the planar

boundaries perpendicular to z, at constant velocity 2V ,
shears the system at a global shear rate γ̇ = 2V/L. The

integration time step is set equal to tc/50, where the

collisional time for the spring-dashpot contact model is
tc = {ρpπd

3[π2 + (log en)
2]/(12kn)}

2. The saving time

step of the simulations is set so that measurements are

recorded at intervals of 0.001/γ̇.
The instantaneous application of a relative velocity

between the boundaries is not immediately transmitted

within the entire granular material. As a consequence,

the velocity profiles are initially non linear; the local
shear rate is not homogeneous, but is maximum at the

boundaries and minimum (close to zero) in the core.

After a short time interval (0 < γ < 0.07, where γ = γ̇t

is the accumulated shear strain, or, equivalently, a di-

mensionless time) the inhomogeneity vanishes, and the
velocity profiles become linear. Fig. 1(b) shows an ex-

ample of the temporal evolution of the velocity profiles

u(z) along x. Unlike other numerical simulations [1],
crystallization was never observed.

Simulations have been performed for three values

of the constant solid volume fraction ν: 0.59, 0.60 and
0.62. In the case of steady, homogeneous shear flows, the

volume fraction determines whether the granular sys-

tem is solid-like or fluid-like, with the phase transition

occurring at the critical volume fraction νc -the largest
volume fraction at which a random assembly of gran-

ular material can be sheared without developing rate-

independent contributions to the stresses [8]. The criti-
cal volume fraction depends on poly-dispersity [21, 30]

and friction [8]: for identical particles with µ = 0.3, νc
is 0.596 [8]. Hence, after reaching the steady state, our
three specimens are in fluid (ν = 0.59), solid (ν = 0.62)

and near-to-critical (ν = 0.60) conditions. At the steady

state, there is a one-to-one relation between the critical

volume fraction and the critical coordination number
Zc, independent of the shear rate [39, 41]. The coordi-

nation number Z is an important parameter to describe

the granular interaction at large volume fractions, when
force chains develop [19].

Here and in the following, the variables are made

dimensionless by using the particle diameter d, den-
sity ρp and normal stiffness kn. Then, the dimension-

less pressure, granular temperature and shear rate are,

respectively, p∗ = pd/kn, T ∗ = Tdρp/kn and γ̇∗ =

γ̇
√

ρpd3/kn. In particular, the dimensionless shear rate
represents the ratio of the rate of shearing to the rate

of relaxation of two particles under their repulsive po-

tential.

2.1 Preparation

The preparation of the system follows a standard three-

step procedure [17, 21]:

(i) 2000 frictionless spherical particles of diameter d

and density ρp are randomly placed with random ve-
locities in the 3D cubic box of initial size L0 at mod-

erate volume fraction ν0 (where ν0 = 2000πd3/6L3

0
),

such that they have sufficient space to exchange
places and randomize themselves. At the end of step

(i), a static granular gas having zero pressure and

coordination number is obtained.

(ii) The frictionless granular gas is then isotropically
compressed to the target volume fraction ν. The cu-

bic box reduces from size L0 to L =
(

2000πd3/6ν
)1/3

.
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(iii) Finally, the particles are allowed to relax at constant

volume fraction ν to dissipate their kinetic energy.
In order to shorten the relaxation process, an artifi-

cial dissipation force, proportional to the velocity of

the particles, is added, mimicking the damping due
to a background medium, such as a viscous fluid.

At the end of the three stages, an isotropic, static gran-

ular specimen of volume fraction ν, with zero coordina-

tion number and zero pressure (athermal gas) is gener-
ated. During stage (ii), both the coordination number

and the pressure increase from zero to a certain value,

then, Z and p∗ quickly drop to zero during stage (iii).

At the end of the preparation procedure, the friction µ
is set to 0.3, and the velocities at the boundaries are

switched on so that the global shear rate γ̇ has the de-

sired value, constant in time.

3 Results

This Section describes the results of the DEM simu-
lations. First, the mechanical quantities governing the

phase transition in granular materials under both static

and dynamic conditions (the latter being either steady
or unsteady), are defined. In order to evaluate the criti-

cal coordination number under steady conditions, a set

of steady numerical simulations has been performed by

employing the same parameters introduced before, but
for a larger range of volume fractions and shear rates.

Then, the fluid-solid transition in the unsteady regime

is analysed in terms of evolution of coordination num-
ber, pressure and granular temperature with the ac-

cumulated shear strain γ = γ̇t, by considering three

volume fractions and a fixed dimensionless shear rate.
Different shear rates at sufficiently large volume frac-

tions are also employed to show the rate-independency

once the granular material solidifies. Finally, a consti-

tutive model for the pressure, able to capture both fluid
and solid conditions, is proposed.

3.1 Phase transition and critical coordination number

The fluid-solid transition in granular materials has been

studied in the literature in both static and dynamic

conditions, with different protocols [4, 8, 15, 23, 28, 31,
33, 36, 38, 39].

In isotropic, static conditions, the transition from a

zero pressure state to a nonzero pressure state is known

as jamming transition [23, 36, 38]. Isotropic granular
packings, characterized by nonzero pressure and coor-

dination number, are jammed structures, with a con-

tact network percolating in all directions. The jamming

transition is defined as a mechanical stable state char-

acterized by zero pressure and finite coordination num-
ber, occurring when the system approaches a critical

solid volume fraction νJ (minimum volume fraction at

which a random isotropic packing exists), whose value
depends on the preparation history of the packing [36].

Moreover, there is a relation between νJ and the co-

ordination number at the jamming transition, ZJ . The
effect of friction on the transition has been numerically

investigated by approaching the jamming from below

(i.e., isotropically compressing an athermal granular gas

[38]) and from above (i.e., isotropically decompressing a
random packing [36]). The results of the two procedures

qualitatively agree and show that both the volume frac-

tion and the coordination number at the jamming tran-
sition monotonically decreases with increasing friction.

Transitions to anisotropic jammed states have been ex-

perimentally revealed for frictional particles subject to
pure shear. These transitions seem to be governed by

both shear stress and solid volume fraction [4].

In the case of steady, homogeneous shearing flows,

Chialvo et al. [8] have measured the critical volume frac-

tion νc at which rate-independent components of the
stresses develop, based on the observation that the pres-

sure fluctuations peak at that transition. Sun and Sun-

daresan [39] identified the critical coordination number

Zc governing the same transition by extrapolation to
zero of the relation between the pressure and the coor-

dination number. Simple fitting expressions [39] provide

the dependence of both νc and Zc on the friction coef-
ficient:

νc = 0.582 + 0.058 exp(−5µ); (2)

Zc = 4.15 + 1.85 exp(−5µ). (3)

In the same case of steady, homogeneous shearing
flows, Ji and Shen (for frictional spheres with µ = 0.5

[19]) and Vescovi and Luding (for frictionless spheres

[41]) have studied the dependence of the coordination
number on the volume fraction, for different values of

the dimensionless shear rate γ̇∗ (or, equivalently, the

dimensionless particle stiffness). Curves at different γ̇∗

intersect at a critical point νc-Zc, which is in excellent

agreement with the fitting expressions of Eqs. (2) and

(3).

Even if the goal of the present work is to analyse

the phase transition under unsteady conditions, a set of
simulations at the steady state has been performed with

the aim of evaluating the critical coordination num-

ber. As already mentioned, in the steady simulations,

the same boundary conditions and mechanical param-
eters described in Section 2 have been adopted. Fig. 2

shows the coordination number as a function of the solid

volume fraction obtained in the present simulations of
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steady, homogeneous shear flows for different values of

the dimensionless shear rate when µ = 0.3. The steady
values of Z have been obtained by averaging in time

over at least 1000 time steps. All the curves intersect

at νc ≈ 0.596, with Zc ≈ 4.6. Once again, these values
are in good agreement with Eqs. (2) and (3).
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Fig. 2 Coordination number versus solid volume fraction in
steady, homogeneous shear flows with µ = 0.3 and different
values of the dimensionless shear rate

3.2 Unsteady regime

The evolutions of the coordination number Z and the

dimensionless pressure p∗ with the accumulated shear

strain γ obtained by shearing initially isotropic ather-
mal gases are illustrated in Fig. 3(a) and (b), respec-

tively. As previously stated, the measurements are recorded

at strain intervals of 0.001. In order to smooth out the

plots, a moving average of amplitude ∆γ = 0.01 is ap-
plied a posteriori. Every 1% of strain, then, ten mea-

surements are available and have been used to obtain

mean and standard deviation of the measured quanti-
ties.

At γ = 0, a global shear rate γ̇ = 2V/L is instantly
applied, such that the global, dimensionless shear rate

is γ̇∗ = 3.16 · 10−5. Fig. 3 shows that the coordination

number and the pressure essentially increase with time
until a steady state, in a statistical sense, is reached,

and are closely related, as was previously observed by

Sun and Sundaresan [39] in their rate-independent regime.
Other quantities, such as shear stress, eigenvalues of the

stress tensor and eigenvalues of the fabric tensor are

measured in the simulations, although not discussed in

this work, and show the attainment of the statistical
steady state at approximately the same shear strain. In

the case ν = 0.59, large fluctuations for both p∗ and Z

characterize the flow, even at the steady state. This is a
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Fig. 3 Evolution of (a) the coordination number and (b)
the dimensionless pressure for different values of the volume
fraction when γ̇∗ = 3.16 · 10−5. Final steady state values
are denoted with dotted lines; the dashed line represents the
critical coordination number of Eq. (3)

signal that the system is always fluid during the simula-
tion, with large fluctuations in the coordination number

due to the rapid rearrangement of the particles. The co-

ordination number is always less than 4.6 (dashed lines

in Fig. 3a), i.e., the critical coordination number for
the development of rate-independent component of the

stresses in steady, homogeneous shear flows (Fig. 2), but

also greater than zero, indicating the presence of parti-
cle clusters. The continuing destruction and re-building

of clusters gives rise to the observed large fluctuations

in both coordination number and pressure (see Supple-
mentary Movie 1).

For ν = 0.62, the coordination number and the pres-

sure smoothly increase from 0 to the steady values, with

the latter one larger than that at ν = 0.59 by sev-

eral orders of magnitude (Fig. 3). The steady state is
reached at γ ≈ 0.5. Almost immediately, the coordina-

tion number is larger than 4.6, and chains of contacts

span the entire domain (see Supplementary Movie 2).
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Fig. 4 Evolution of the scaled standard deviation of (a) the
coordination number and (b) the dimensionless pressure for
different values of the volume fraction when γ̇∗ = 3.16 · 10−5

The time required by the contact network to rearrange

is responsible for a clear transient regime in terms of

both Z and p∗. Once the contact network is fully devel-
oped, the very small fluctuations of Z and p∗ are due

to micro-structural rearrangements during shear. This

is interpreted as a signature of solid behaviour. The

larger the volume fraction, the smaller the fluctuations,
since particles are more compacted and cannot easily

abandon force chains. We point out that, even in solid

conditions, no shear localization is observed and the
specimens are homogeneous during the whole transient

regime.

The transition from fluid to solid is evident in the

case ν = 0.60. There, the behaviour of Z and p∗ is ini-

tially very similar to the fluid case (ν = 0.59), with large

fluctuations in both quantities. At γ ≈ 0.3, the system
experiences a significant increase in the coordination

number and pressure (Fig. 3), with a corresponding de-

crease in the fluctuations. At γ ≈ 0.3, the coordination

number is approximately equal to 4.6, that is the criti-

cal value Zc of Eq. (3).

To quantitatively characterize the fluctuations, the

standard deviations of the coordination number σZ and
pressure σp over the window ∆γ, scaled by the corre-

sponding mean quantities Z and p, as functions of γ

are plotted in Fig. 4(a) and (b), respectively. When
ν = 0.59, the scaled amplitude of the fluctuations in

the coordination number is of order 10−1 (Fig. 4a). For

ν = 0.62, both σZ/Z and σp/p are almost immediately
of order of 10−3. The standard deviation of each quan-

tity is affected by the amplitude of ∆γ. Nevertheless,

σZ/Z and σp/p for ν = 0.62 are always two orders of

magnitude smaller than in the case ν = 0.59, indepen-
dent of ∆γ. In the case ν = 0.60, the scaled ampli-

tude of the fluctuations is of order 10−1 when Z < 4.6

(fluid regime) and drops to the order of 10−3 (solid
regime) when Z ≈ 4.6. This analysis suggests that the

same critical coordination number for the development

of rate-independent components of the stresses evalu-
ated in steady, homogeneous shear flows, and for the

jamming transition of isotropic random packings, is re-

sponsible for the fluid-solid transition under unsteady,

homogeneous shear flows.

0.80.60.40.2 1.00.0
γ = γ t

.
10

-10

T 
*

10
-8

10
-9

Fig. 5 Evolution of dimensionless granular temperature T∗

for ν = 0.60 when γ̇∗ = 3.16·10−5. The dotted line represents
the value at steady state

Fig. 5 illustrates the evolution of the dimensionless
granular temperature when ν = 0.60. Unlike the pres-

sure and the coordination number, the fluctuations of

T ∗ are small when Z < Zc and large when Z > Zc.
When the granular material solidifies (Z > Zc), there

are force chains spanning the domain that are continu-

ously broken and re-formed during the shear. A cascade

of collisions is generated by the breaking of the force
chains, resulting in strong fluctuations of granular tem-

perature. This slightly affects the pressure because, for

sufficiently rigid particles, the elastic component of the
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pressure is much larger than that associated with ex-

change of momentum [3]. In absence of a contact net-
work spanning the whole medium (under fluid condi-

tions, i.e., when Z < Zc), the fluctuations in the granu-

lar temperature are far less dramatic (Fig. 5), since the
flow is continuously agitated.

3.2.1 Dependence on the shear rate

So far, it has been suggested that granular materials

subjected to unsteady, homogeneous shearing experi-

ence a fluid-solid transition when the coordination num-
ber exceeds a critical value; and the transition has been

identified by observing completely different amplitudes

in the fluctuations of pressure and coordination num-
ber, at least for slow shearing and/or sufficiently rigid

particles, in the two regimes. Although a criterion based

on the fluctuations in the pressure has been already sug-
gested for identifying a phase transition in the case of

steady, homogeneous shearing of granular materials [8],

it has also been shown that phase transition implies the

development of rate-independent behaviour.

The influence of the dimensionless shear rate on the

evolution of the coordination number and its fluctu-
ations are illustrated in Figs. 6-8 for the three volume

fractions investigated. Three values of the dimensionless

shear rate are applied. Large values of γ̇∗ are equivalent
to either small particle stiffness kn, i.e. soft particles,

or rapid shearing. As is shown in Figs. 6-8, the fluctua-

tions of the coordination number are strongly affected
by the dimensionless shear rate if Z < Zc and decrease

for increasing γ̇∗. Conversely, the scaled fluctuations

of the coordination number (and also of the pressure,

not shown here for brevity) are rate-independent when
Z > Zc, reinforcing the idea that the fluid-solid transi-

tion takes place at Z = Zc.

In the recent past, several authors showed that, un-

der homogeneous steady shearing, pressure and gran-
ular temperature can be fitted by using asymptotic

power-law relations of the shear strain, if scaled by pow-

ers of ν−νc, the distance to jamming in terms of volume
fraction [15, 32, 33, 34, 41]. In unsteady conditions, the

analysis carried out in this work suggests to replace

the volume fraction with the coordination number. In

fact, at values of the coordination number larger than
Zc (solid regime), Sun and Sundaresan [39] have found

that

p∗ = as (Z − Zc)
2
, if Z > Zc (4)

where as = 0.0073 is a material parameter.
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Fig. 6 Evolution of (a) the coordination number and (b)
the scaled standard deviation of the coordination number for
different values of the dimensionless shear rate, when ν =
0.59. Steady state values are denoted with dotted lines; the
dashed line represents the critical coordination number

In the fluid regime (Z < Zc), the kinetic theory

of granular gases [5, 12, 14, 18, 27] predicts that the

pressure depends on the granular temperature. Also, p∗

should diverge when the mean distance between parti-
cles is zero, at least along the direction of the principal

compressive axis. This is the case when Z = Zc. Then,

the pressure can be assumed to be of the form

p∗ = af
T ∗α

(Zc − Z)
β
, if Z < Zc (5)

with af , α and β constant coefficients. Linear regression
applied to the data obtained from the present simula-

tions when Z < Zc gives af = 1.6, α = 3/5 and β = 2.

The collapse of the data in the two regimes can

be shown by plotting p∗/ (Z − Zc)
2
as a function of

T ∗/ |Z − Zc|
20/3

, as illustrated in Fig. 9(a).

Following the approach proposed by Vescovi & Luding

[41], the equations describing the two scaling regimes
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Fig. 7 Same as in Fig. 6, but when ν = 0.60

Eqs. (4)-(5) can be merged into a unique function:

p∗ =

[

a
1/2
s (Z − Zc)

2
+

+

√

as (Z − Zc)
2
+ 4

(

asafT ∗3/5
)1/2

2





2

.

(6)

Eq. (6) is continuous and differentiable at any point,
and able to predict the behaviour even at the fluid-solid

transition.

As illustrated in Fig. 9(b), the granular tempera-

ture scales with the square of the dimensionless shear

rate, at least for Z < 5. For steady shearing, the anal-
ysis of Berzi & Jenkins [3] predicts T ∗/γ̇∗2 = 0.53 for

e = 0.7 and µ = 0.3, in good agreement with our mea-

surements. By substituting this relation into Eq. (6) the

dependence of p∗ on Z and γ̇∗ is obtained. Fig. 10 de-
picts the predicted dimensionless pressure (solid lines)

in comparison with the results of the numerical simu-

lations (symbols), showing a reasonable agreement.

(a)

(b)
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Fig. 8 Same as in Fig. 6, but when ν = 0.62

4 Concluding remarks

The fluid-solid transition in granular materials has been

investigated by performing discrete numerical simula-

tions of unsteady, homogeneous, shear flows of identi-
cal, inelastic, soft spheres at constant volume. A con-

stant shear rate has been instantly applied to an ini-

tially isotropic athermal gas. For a volume fraction near

to the critical steady state value, fluid-solid transitions
have been observed. When the rate of shear is smaller

than the rate of relaxation of two particles under their

repulsive potential, the fluid granular assembly exhibits
fluctuations in both pressure and coordination number

whose amplitude is two orders of magnitude larger with

respect to the same material under solid conditions.
Analogously, the fluctuations of granular temperature

are particularly pronounced in the solid regime, whereas

seem to disappear under fluid conditions. This can be

ascribed to the presence of force chains in solid-like
systems, whose micro-structural rearrangements during

shear do not affect the elastic stresses, but generates a

cascade of collisions resulting in strong fluctuations of
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Fig. 9 (a) Collapse of dimensionless pressure plotted against
dimensionless granular temperature for different dimension-
less shear rates. The solid and the dashed lines represent the
scaling laws in the solid (Eq. 4) and fluid regime (Eq. 5), re-
spectively. (b) Dimensionless quantity T∗/γ̇∗2 versus the co-
ordination number. The solid line represents T∗/γ̇∗2 = 0.53

granular temperature. On the other hand, when the
rate of shear is larger than the rate of relaxation of

two particles under their repulsive potential, the differ-

ence in the fluctuation amplitude is much less evident.
However, the fluctuations are rate-independent in the

solid state, allowing to clearly identify the phase tran-

sition. The fluid-solid transition in unsteady, homoge-
neous shear flows is characterized by a critical value of

the coordination number, independent of the imposed

volume fraction and the shear rate. Such a critical co-

ordination number coincides with that already defined
in the past with reference to steady conditions. Finally,

a constitutive relation for the pressure, valid in both

fluid and solid regime, has been proposed. Such a re-

10
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10
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10
-3

10
-4

10
-5

10
-6

10
-7

10
-8

p
 *

2

Z
0 1 3 4 5 6Z C

Fig. 10 Dimensionless pressure versus the coordination
number for different dimensionless shear rates [see legends in
Fig. 9]. The solid lines represent the proposed model Eq. (6)
with T∗ = 0.53γ̇∗2

lation involves both the coordination number and the

granular temperature, suggesting that these quantities

need to appear in models for the onset and the arrest
of granular flows. This also implies that the coordina-

tion number should be used instead of the solid volume

fraction in phase diagrams of jamming transition.
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